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A new and efficient time-domain implementation is proposed for the impedance model originally introduced by
Tam and Auriault (Tam, C. K. W., and Auriault, L., “Time-Domain Impedance Boundary Conditions for
Computational Aeroacoustics,” AIAA Journal, Vol. 34, No. 5, May 1996, pp. 917-923). In the frequency domain, the
pressure can be calculated from the product of the impedance with the normal velocity. In the time domain, a
convolution is needed, which may become a costly operation. Present solutions for this problem involve either a full
convolution and storage of a time history of data or a translation of the frequency-domain models to time-domain
formulations involving time derivatives. The former approach is very costly in terms of memory and CPU time; the
latter makes the implementation discretization specific and vulnerable to stability issues. A new formulation, based
on recursive convolution, results in an efficient implementation that stores only one accumulator, which can be
updated at each time step with minimal addition and multiplication. It allows for the exact representation of the
impedance at a given frequency. The formulation is validated by a comparison with the measurement data from the
NASA Langley Grazing Flow Impedance Tube. The simulations are performed by introducing a plane wave at a
single frequency in the tube, and this is done for six frequencies and five different mean flow speeds.

L

N MANY aeroacoustic applications, lining material plays an

important role in controlling the emitted noise levels. To be able to
study the effect of different materials and to judge their effectiveness,
adequate numerical models are essential. Optimization of the noise
reduction becomes possible by numerical sensitivity analyses of the
various material parameters and the geometrical layout.

Most often, lining material is acoustically characterized in the
frequency domain. This is usually done by setting up a test with a
single harmonic wave excitation and identifying the impedance from
the forced response. The obtained complex value is the impedance at
the frequency of the harmonic wave excitation. This procedure can
only describe linear effects.

Time-domain computational methods have a clear advantage over
frequency-domain methods not only for broadband problems,
nonlinear interaction investigations, and transient wave simulations,
butalso for large problems (e.g., three-dimensional high frequencies)
[1,2]. To be able to represent an impedance boundary in the time
domain, there is a need to “translate” the frequency data to the time
domain.

At a given frequency w, the pressure P(x,,®) in the frequency
domain for a position x,, on the lining material is proportional to the
normal velocity V(x,, @) by the impedance Z(w). A capital indicates
the Fourier transform of a quantity. The equivalent expression in the
time domain involves the convolution of the inverse Fourier
transform, z(#), of the impedance with the velocity [3]. Similar
expressions can be given for the admittance A(w), which is the
inverse of the impedance:
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P(Xh,(,l)) = Z(a)) : V(xh’w)

oo 1
p(xp, 1) = z(1) * v(x, 1) = / (1) - v(xp, t — 1) dt M

—00

V(xp, @) = A@) - P(xy, ©)

o~ 2)
v(x,, 1) = a(t) * p(x,, 1) = / a(t) - p(xp, t—1)dr

—00

To be able to take the inverse Fourier transform of the impedance,
Eq. (3), Z has to be known over the entire frequency range. This
extension to all possible frequencies poses an initial difficulty and
establishes the need for an impedance model. Then the convolution
has to be performed, which, in its full form, is a very costly operation
(in terms of CPU time) and, in addition, requires the entire time
history of the velocity. Similar conclusions hold for the admittance,
but with the time history of pressure.

z2(t) = /OO Z(w)e dw a(t) = /OO Alw)e™ dw  (3)

For an impedance model to be physically feasible, it has to comply
with three necessary conditions as indicated by Rienstra [3]. It has to
be causal, real, and passive. These conditions are not trivially
satisfied by a general polynomial fit to the frequency data.
Fortunately, the aforementioned full convolution can be avoided in
many ways. These include, without going into further details,
replacing iw by £, the z transform, and recursive convolution.

Tam and Auriault [4] proposed a three-parameter model,
resembling a mass-spring-damper system, and replaced iw by %. This
leads to a formulation with low computational cost, but it is not
applicable as a general broadband model because of the limited
freedom to make a fit. Ozyoruk et al. [5] proposed a broadband
impedance model based on a rational polynomial fit in combination
with the z transform. This model is rather sensitive to instabilities, but
can be used as a general broadband model. Rienstra [3] proposed a
model based on a Helmholtz resonator and the z transform that
satisfies all conditions and can be exactly tuned to the impedance at a
design frequency using five parameters. The implementation of the
extended Helmholtz-resonator model (EHR) [6] requires the storage
of a long time history. Fung and Ju [7] proposed a model for the
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reflection coefficient, relating incoming and outgoing velocities.
This enables the application of a space—time continuation that allows
for anoncausal model. The convolution is dealt with by recursion, an
idea originally developed in the computational electromagnetics
community.

The three-parameter model has found widespread use, in part
because of its simplicity. Botteldooren [8] proposed it for room
acoustics; Tam and Auriault [4] independently proposed it for
aeroacoustics. Zheng and Zhuang proposed a 3-D benchmark for
broadband time-domain impedance boundary conditions [9] and
used it to validate the formulation of Tam and Auriault. They also
applied it to an analytical test case and the NASA flow impedance
tube case [10] with a parabolic mean flow profile. Together with
Zhuang et al. [11], they analyzed the effect of the boundary-layer
thickness of the shear flow profile and found the particle
displacement continuity to be the correct boundary condition. Li
et al. [12,13] proposed a mean flow correction to the formulation of
Tam and Auriault. The extended formulation scales the impedance
by a factor that is a function of the mean flow. They called this
formulation the effective flow impedance (EFI). Richteretal. [14,15]
compared the EHR and EFI and studied the stability of their
implementation. Lim et al. [16] applied the formulation of Tam and
Auriault to the computation of noise reduction by barriers.

A new efficient formulation for time-domain impedance based on
the three-parameter model and recursive convolution [17,18] was
proposed by the authors and was applied to an analytical case and the
NASA flow impedance tube. The new formulation has also been
applied to a turbofan inlet case [19] for the calculation of the
attenuation of annular duct modes [20].

The developed formulation can be tuned to any given impedance
value at a design frequency and is therefore perfectly suited for
single-frequency simulations. The implementation is easy and
efficient, as only minimal addition and multiplication are needed at
each time step and only one accumulator needs to be stored. There is
no need for time derivatives or the storage of a time history of
quantities as in existing formulations.

The formulation is incorporated in a quadrature-free discontin-
uous Galerkin method for the linearized Euler equations [21] and is
validated with experimental data from the NASA Langley Grazing
Flow Impedance Tube [22]. This is a well-documented benchmark
that includes cases with and without mean flow for 26 frequencies. It
allows for the testing of the formulation by exciting the tube with a
plane wave at a given frequency.

II. Formulation

Although the time domain allows the description of nonlinear
effects [23], the models are limited here to linear interactions, as a
frequency-domain impedance model is used as starting point.

Looking back to Eq. (1), z(#) can be viewed in terms of linear
systems theory as the unit impulse response of the system Z(w) [23].
If the system can be described by a rational function in which the
polynomial in the numerator has a lower order than that in the
denominator, it can be written in the form of a partial fraction
expansion with residues A, and poles p,, Eq. (4), similar to the model
of Fung and Ju for the reflection coefficient [7]:

Z(w) = i A “)
oo+ Py

If the order of the numerator is higher than that of the denominator,
one can work with the admittance, the inverse of the impedance. The
only thing that changes in the formulation is the switch of the position
of pressure and velocity. If the order of the numerator and that of the
denominator are equal, there is an extra constant term in the model,
which is trivial to incorporate.

Here we will focus on the three-parameter model. As will become
clear in the next section, we only need two complex poles to represent
this model. The complex conjugated poles o &+ i ensure that a(z) is
real and determine a second-order system (3). Equation (6) gives the
corresponding unit impulse response:

A A, Cliw) + D
Aw) = - 5
@ =t oty Gotaft P ©)

D—
B

The condition @ > 0 is to ensure causality of a(r). H(t) is the
Heaviside function.

a(t) = e"’"(C cos(Bt) + oC sin(,Bt))H(t) a>0 (6)

A. Three-Parameter Impedance Model

For simulations in which only one frequency is excited, it is useful
to have a specific model capable of matching any given impedance at
that frequency. A suitable frequency-domain model is the three-
parameter model, Eq. (7), proposed by Botteldooren [8] and Tam and
Auriault [4] and also used by Ju and Fung [24], who called it a
damped harmonic oscillator. It can be considered as a mass-spring-
damper model; all parameters Z; have to be positive to fulfill the three
fundamental conditions [3]. To be able to apply recursive
convolution to this model, it is necessary to work with the admittance
A, the inverse of the impedance. The model can then be written in the
form of Eq. (5). Equation (9) gives the relation between the parameter
sets C, D, a, and B and Z,, Zy, and Z_:

(i)*Z, + (iw)Zy + Z_,

Z(w) =Z_/(io) + Zy + Z,(iw) = i

()

_ iw _ Clw)+D
A =Gz T ozt 2o Gotart O

B=vVZ_/Z —a?
&)

At a design frequency o, the impedance Z is given by the complex
number R+ iX. R is the resistance and X the reactance.
Equation (10) gives the link between R and X and Z|, Z,, and Z_,
from the three-parameter model. The relation between R and Z; is
straightforward. X has to be somehow distributed over Z, and Z_,
while keeping the last two positive for a physically possible model
[3]. Here the choice is made to attribute a factor g of the absolute
value of the reactance to one of the two Z parameters and a matching
value to the other depending on the sign of the reactance; see Eq. (11).
The factor g has to be positive to make sure Z; and Z_, are positive.
An additional condition on g follows from the expression for 8: g has
to be big enough for B to be real. After some algebra the condition
becomes

C=1/Z, D=0 a=2,/(Z)

g> (-1+V1+(R/X)?)/2

Z(@) =R+ iX=Z+i(Z)&— Z— 1)) (10)
ZO:R,

1+ g)IX
le(—’_—_gﬂl and Z_,=g|X|lo ifX>0 or

w

X
7, =8 iz =+ X6 if X <0 (11)

w

B. Time-Domain Formulation

The convolution of the admittance impulse response a(t) with the
pressure p(1), Eq. (2), can be calculated by recursive convolution
thanks to the special form of a(#) and the assumption that the pressure
is piecewise constant or piecewise linear within a time step Ar. The
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derivation is inspired by the work of Luebbers [25] and Kelley and
Luebbers [26].

1. Preliminary Considerations

The expression of a(z), Eq. (6), can be simplified by defining the
constants K; and K,. Application of Euler’s formula for complex
numbers allows for a more convenient form:

a(t) = e (K, cos(Bt) + K, sin(B1))H (1) (12)

a(r) = (K, -Re{fe*P1} + K, - Im{e P HH () (13)

Re{-} and Im{-} are, respectively, the real and imaginary parts.

The pressure is approximated as piecewise linear within a time
step Az. Assume for the moment that the time step is constant and that
the time can be written as t = nAt. The pressure at the nth time step is
noted as p".
n+l _ ,n
LA i

p()=p +L - (t=nAn) for 1 € [nAr (n+ 1A

(14)

For the recursive convolution, it is necessary to write that
approximation in the reversed time —t and shifted by r = nAz.

p(nAt—1)=p"™

n—m—1 __ ,n—m
+ %(r —mAr) for T € [mAt,(m 4+ 1)A1] (15)

2. Recursive Convolution

The derivation of the recursive convolution starts from Eq. (2),
which gives the normal velocity as the convolution of the impulse
response of the admittance with the pressure. The first step is to write
that equation in a discrete form and replace the integral over the past
time as a sum of integrals over intervals, each the size of one time
step. Because of causality, the infinite bounds of the integral are
reduced to the interval [0, 7].

nAt
v(nAr) = / a(t) - p(nAt—1)dr
0

n=l o put1)Ar
= Z/ a(r) - p(nAt—1)dr (16)
m=0 v

nAt

Substitution of the admittance model (13) and the piecewise linear
approximation of the pressure (15) in Eq. (16) gives

=l eoua A ) )
v(nAt) — Z/ ([(1 . Re{e(—a+tﬂ)f} +K,- ]m{e(—a+zﬂ)r})
m=0 4"

mAt
n—m—1 __ n—m
. (p"”” + A" A7 p (t— mAt)) dr
17)
Using the definitions
N (m+1)At X
= / eetiPrdr  and
mAt
~m 1 (m+1)At . (18)
&= E[nm (t — mAf)e-+ihr dr
Eq. (17) becomes
n—1 N
v(nAi) = KlRe{Z@"*mx'" + (et - p”*’”)é'”)}
m=0
n—1 N
+ Kzlm{Z(p"—'"fc'" + (- p"-'")s”l)} (19)
m=0
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Fig. 1 Measurement setup used for the NASA Langley Grazing Flow
Impedance Tube [22].

The complex-valued auxiliary variable 1} is defined as the
summation over m (the two summations are identical). This variable
is an accumulator that can be recursively updated because x"*! =
el-atiB)Atgm and likewise for £. A proof is given in the Appendix.

The resulting formulation of the time-domain impedance using
recursive convolution and a piecewise linear approximation of the
pressure is given by

. 1 — et
Y(nAf) = p(nAf) (_7”3) + (p((n = DA

eCFPAM(—a +if)AL—1) + 1
- p(”m))( (—a + i) At )

+ Y ((n — 1) Ar)el—otiPas (20)

v(nAt) = K, -Re{y(nAn} + K, - Im{yy(nAr)}  (21)

If a piecewise constant pressure approximation is used, the update
equation for v is

1— e(fonriﬂ)Ar

00080 = plnas (LS - e

(22)

As the formulation only depends on the value from the previous
time step, the time step may vary. The expression nAt can be
replaced again by ¢. The possibility of working with varying time
steps is very useful when working with a Runge—Kutta time stepping
scheme, as the length of stages is not equal. Updating of the values
can then proceed from one stage to the next without having to
extrapolate from previous full time steps [14].

The model obeys all three necessary conditions [3]. Positive o
ensures causality. The complex conjugate poles ensure realness.
Passivity is guaranteed if the real part of the model is positive. This
can be proven by rewriting Eq. (3) in a real part and a imaginary part
and by filling in the parameters as described. From this, it follows that
the sign of the real part for all frequencies w is equal to the sign of the
resistance R, which is positive for lining materials.

Table 1 Parameters used to model the impedance data at the various
frequencies (educed impedance data [22] for case M = 0, amplitude

130 dB)

Frequency g Z_, Zy Z,

500 0.5 6068.14 1.0614 2.04944 x 107*
1000 55 1465.24 0.4903 4.38630 x 1073
1500 0.5 5856.09 1.0406 1.97782 x 10~
2000 2.5 24240.50 4.1792 2.14907 x 10~
2500 0.5 36238.30 1.4986 4.89561 x 1073
3000 1.0 11076.00 0.7127 1.55866 x 1073
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Fig. 2 Sound pressure level (in dB re 2.10~5 Pa) along upper wall for Mach 0 as a function of the distance (in inches) along the duct (+: simulation, O:

reference data from measurements).

C. Properties

The formulation exhibits following properties:

Efficiency: The formulation requires minimal addition and
multiplication per time step.

Low storage: Storage is needed only for the accumulator in the
boundary points. No time history of solution data is required.

Easy implementation: There are no (high-order) time derivatives
in the formulation, which allows it to be incorporated in all
discretization schemes. Variable time steps are easily accommo-
dated.

Exact single-frequency model: The model is able to represent the
exact impedance at a design frequency.

III. Implementation

The admittance formulation is implemented in the framework of a
quadrature-free discontinuous Galerkin method for the linearized

Euler equations [20,21], supplemented with a low-storage Runge—
Kutta time integration [27]. This method allows for the simulation of
acoustic propagation through (non)uniform mean flows for 3-D
geometries and properly accounts for reflection, refraction, and
convection effects.

IV. Results

The NASA Langley Grazing Flow Impedance Tube [22] (see also
Fig. 1) is used to characterize different types of liners. In the
experiment, plane waves (0.5-3 kHz) are generated at the inlet that
propagate through the hard-walled duct. In the middle section, a
piece of liner to be tested is installed. The mean flow through the duct
can be varied, and tests are performed with Mach numbers ranging
from O to 0.5 on the centerline.

In the simulation, the inlet section is modeled as a damping zone in
which a plane wave with the right frequency is introduced. The hard
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Fig. 3 Sound pressure level (in dB re 2.10~° Pa) along upper wall for Mach 0.1 as a function of the distance (in inches) along the duct (+: simulation, O:

reference data from measurements).

wall is modeled as a perfectly rigid wall with full reflection; the liner
is modeled using the proposed time-domain impedance formulation.
The outlet section is assumed to be anechoic and is implemented as a
damping zone, which ensures low reflections at the outlet.

Table 1 gives for each frequency the value of the parameters used
to represent the impedance with the three-parameter model. The
factor g, used to distribute the reactance over parameters Z_; and Z,
is chosen to be just above the limit value of the condition established
in Sec. ILLA. This is done to produce a slowly oscillating impulse
response. The values Z_,, Z,, and Z, are made nondimensional by
the characteristic impedance pc, where p=1.29 kg/m*® and
¢ =344.283 m/s.

The mean flow is modeled as a parabolic function with the same
average mean flow speed as measured. This shear flow
approximation seems to be a reasonably good approximation of
the real mean flow profile [12,24]. As the mean flow is zero near the
wall for a parabolic profile, no correction for the grazing flow needs
to be applied to the impedance data.

The domain is discretized with hexahedral elements with size i
1 in. (0.0254 m) in each direction. The duct is 32 in. long and 2 in.
high. In the third direction, one element is used and periodic
boundary conditions are imposed to simulate in a quasi-two-
dimensional way. This is a valid approach as for the studied
frequencies only the plane wave mode can propagate. The cut-on
frequency is approximately 3.3 kHz for the no-flow case [22]. In the
inlet and outlet zone, there are, respectively, 10 and 5 elements in the
longitudinal direction. In total, the mesh contains 47 x 2 x 1
elements. The polynomial order p in the discontinuous Galerkin
formulation is 2; this gives a spatially third-order accurate method.
According to the (2 % p + 1) >~ «kh rule proposed by Ainsworth
[28], with k the wave number and « a constant equal to about three,
this mesh is valid for frequencies up to 3600 Hz.

During each simulation, a time series of pressure data is recorded
on the wall opposite of the liner section. This time series is processed
with a fast Fourier transform (FFT) to obtain results in the frequency
domain. The simulations use a time step of 4 x 107 s. The single-
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Fig. 4 Sound pressure level (in dB re 2.10~5 Pa) along upper wall for Mach 0.2 as a function of the distance (in inches) along the duct (4: simulation, O:

reference data from measurements).

frequency simulations are run from 0 to 0.014 s and the data from the
last 0.01 s are used for the FFT.

For all the results shown here, a piecewise linear approximation
for the pressure has been used, given the negligible extra cost
compared with a piecewise constant approximation. Note that no
noticeable difference was seen in the results obtained with the two
different choices, probably because of the small time step required by
the discretization.

Figure 2 compares the measurement data with the numerical
results for the no-flow case. The circles represent the measurements.
The plus signs represent the results obtained from a simulation in
which one plane wave with that particular frequency is introduced.

For all frequencies except 500 Hz, the results from the simulations
correspond very well to the measured data. At 500 Hz, the
assumption of anechoic termination in the measurements was
questionable and may have corrupted the measurements [22].

Figures 3—6 show the results for the cases with the mean flow
ranging from 0.1 to 0.4. Similar conclusions can be drawn as those
for the no-flow case: for all frequencies except 500 Hz the agreement
is good. The difference between the calculations and the
measurements increases as the mean flow speed increases. A more
accurate representation of the mean flow, possibly with nonzero
velocity at the liner section, could improve the results. The effects
associated with a grazing mean flow can be modeled by the
formulations of Ingard [29] and Myers [30]. The effective flow
impedance scaling [13,14] is a practical formulation for single-
frequency calculations based on a limited number of approximations.

V. Conclusions

A new formulation for time-domain impedance based on the three-
parameter model that satisfies the three necessary conditions [3] is
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proposed and validated with the NASA Langley Grazing Flow
Impedance Tube case [22] for six frequencies and five different mean
flow speeds. It allows for an exact match of the impedance at a design
frequency with three parameters. Its implementation is efficient with
respect to required CPU time and storage, as it only needs minimal
addition and multiplication at each time step and the storage of one
accumulator in each boundary point. This is in contrast to existing
formulations that often need time derivatives and/or a long time
history of data for their implementation. An additional benefit is the
possibility of working with varying time steps, which is useful for the
variable length stages of a Runge—Kutta time integration scheme.
This eliminates the need to extrapolate data from previous time steps,
which need to be stored in a buffer.

The single-frequency formulation can be extended with additional
terms in the impedance model and, as such, gives sufficient freedom
to fit any set of sampled impedance values at multiple frequencies.
First results [18] in this direction have been obtained and show the

135
e Gy
*
+
+ o
P
(o]
120 Ht
115 L L L )
0 10 20 30 40
a) 500Hz
135

13@'&;@* -|'-"+
125}

ol e
115 . . L ,
0 10 20 30 40
¢) 1500Hz
lsw
+
120 ) °
+ A
-+
+
110
100 L . n )
0 10 20 30 40
e) 2500Hz

REYMEN, BAELMANS, AND DESMET

potential of this extension to a broadband time-domain impedance
formulation.

Appendix

A proof for the recursive updating starts from the definition of the
accumulator and proceeds with the splitting of the term containing
the pressure of the last time step. The subsequent algebraic
manipulations write the remaining sum as the definition of the
accumulator at the previous time step. The most important
relationship used is §"+! = e-e+ih)Arpm and likewise for £. This
relation follows from the definition in Eq. (18).

n—1

YA =Y (p x4 (P = prmET) (AD)
m=0

60 L 1 1 J
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1351
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Fig. 5 Sound pressure level (in dB re 2.10~° Pa) along upper wall for Mach 0.3 as a function of the distance (in inches) along the duct (+: simulation, O:

reference data from measurements).
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Fig. 6 Sound pressure level (in dB re 2.10~° Pa) along upper wall for Mach 0.4 as a function of the distance (in inches) along the duct (+: simulation, O:
reference data from measurements).

=@ "+ ("' = pME) %0 and £ have been replaced in the formulation (20) and (21),
n—1 through the definition (18), with expressions in terms of the poles
+ Z(pn—mxm + (prm=t — premygm) (A2) —a + iff and the time step At.
m=1
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